We show that local fields can increase the rotatory power r of nonconductors by a factor of 10-in contrast to the typical 10% effect in other properties. We present calculations for quartz and Se, and a general method to estimate the size of local-field corrections. Notably, only scalar local fields are needed despite the vector character of light. A self-energy-corrected local-density band structure yields corrections to r of a factor of 17 in quartz and 24 in Se. These values are 30% above experiment for quartz, and, for one sign choice, within the 50% error bars for Se. PACS numbers: 78.20.Ek, 78.20.Bh As linearly polarized light travels along the optic axis in a quartz crystal, the plane of polarization rotates by an angle proportional to the propagated distance. This optical rotation is due to a crystal structure in which the SiO 2 units are arranged in helices along the c axis (optic axis) of a hexagonal lattice [1] . Because of the helical structure, left and right circularly polarized light have different refractive indices ͑n L , n R ͒, which results in a rotation of polarization for linearly polarized light. This phenomenon is described by the optical rotatory power r v͑n L 2 n R ͒͞2c, where v is the light angular frequency and c is the speed of light in vacuum. Many different materials exhibit optical rotation, but among crystalline materials a-quartz in the most carefully studied. For a recent discussion of stress-induced optical rotation in semiconductors see Ref. [2] .
As linearly polarized light travels along the optic axis in a quartz crystal, the plane of polarization rotates by an angle proportional to the propagated distance. This optical rotation is due to a crystal structure in which the SiO 2 units are arranged in helices along the c axis (optic axis) of a hexagonal lattice [1] . Because of the helical structure, left and right circularly polarized light have different refractive indices ͑n L , n R ͒, which results in a rotation of polarization for linearly polarized light. This phenomenon is described by the optical rotatory power r v͑n L 2 n R ͒͞2c, where v is the light angular frequency and c is the speed of light in vacuum. Many different materials exhibit optical rotation, but among crystalline materials a-quartz in the most carefully studied. For a recent discussion of stress-induced optical rotation in semiconductors see Ref. [2] .
Recently, Zhong et al. [3] calculated the optical rotatory power for a-quartz and selenium. Their results are too small compared to experiment by a factor of 5 in aquartz [4] and two (in absolute value) in Se [5] [6] [7] . In this Letter we show that these differences are due to very large local-field corrections (caused by the microscopic variation of the electric field), and we predict a change of sign in Se (see Table I ). The local-field correction is a factor of 17 in a-quartz and 24 in Se, which is a factor of 10-100 larger than typical local-field effects in other properties, e.g., dielectric constant´and second-order susceptibility x ͑2͒ . Following Zhong et al., we use a self-energy-corrected, time-dependent local-density approximation (TDLDA) [3] , but extended to include local-field corrections. A crucial observation is that one can use a combined vector-scalar theory in which the macroscopic field is given by a vector potential and the local fields by a scalar potential [8] . This approximation is of second order in the ratio of the lattice parameter and the wavelength. This key simplification avoids the use of a vector based density-functional theory, which would require a vector exchange-correction potential [9] rather than the familiar, and known, scalar potential. Our results for the rotatory power are the first for which local-field corrections have been calculated for a vector property of light. Further, the use of scalar local fields permits simple general estimates of the size of local-field corrections.
The ab initio method of using local-density approximation (LDA) excited states in a linear-response theory [10] of optical properties for semiconductors, implemented using pseudopotentials and plane waves, typically gives (5-20)% agreement with experiment (in the long-wavelength limit; excluding excitonic effects). However, this accuracy requires an explicit correction of the band gap [11] , since the gap is usually 1-2 eV too small in LDA [12] . The correction we use is a rigid shift D of all the conduction band energies relative to the valence band energies [13] . Zhong et al. [3] calculated´and x ͑2͒ for a-quartz and Se with D 1.8 eV for quartz and D 1.1 eV for Se, obtained by fitting to the optical absorption edge in Se and to´in a-quartz, where the edge is ill-defined. All their results were in good agreement with experiment, and the local-field corrections were of order 10%. TDLDA seems to work well for both materials.
The optical rotatory power is related to the optical activity tensor h, defined by
where we describe the polarization in terms of the induced current dJ and the total, macroscopic electric field by the vector potential A;´is the dielectric matrix and q is the wave vector. In the uniaxial crystals a-quartz and trigonal selenium (point group 32), the rotatory power is given by the tensor component h 231 ͑3 optical axis͒: r v 2 h 231 ͞2c 2 . To obtain h, we need the induced current to first order both in A and q. For independent electrons, linear-response theory (TDLDA) yields
͗y, k 1 qjA ? J k ͞c 2 ef͑r͒jc, k͘ ͗c, kjJ k jy, k 1 q͘ e y,k1q 2 e c,k 6 v ,
where J k is the current operator, and jy, k͘ and jc, k͘ are the periodic part of the valence-and conductionband wave functions, with energies e y,k e LDA y,k and e c,k e LDA c,k 1 D, respectively. The microscopic scalar potential f is a sum of the Coulomb interaction and the LDA exchange-correlation potential (G is a reciprocal lattice vector):
Here G fi 0 since f represents only local fields [14] . The induced charge density dn is again given by linearresponse theory. All fields and densities are assumed to vary as exp͑q ? r 2 ivt͒ times a function with the periodicity of the lattice. Note that, with our choice of gauge, A and dJ are macroscopic ͑G 0͒, while f and dn are microscopic ͑G fi 0͒. In our calculations we expand to first order in q and take the zero-frequency limit. Figure 1 shows the calculated and experimental results [4] for the rotatory power of a-quartz. The data are plotted as r͑͞hv͒ 2 as a function of ͑hv͒ 2 , which in accordance with the coupled-oscillator model [15] gives a slow variation with v. The dip at the lowest experimental frequency is probably due to an additional screening by phonons [16] , which we do not include. The theoretical curve with no local-field corrections is due to Zhong et al., while the arrow marks our zero-frequency value 5.6 deg͓͞mm ͑eV͒ 2 ͔ (with D 1.8 eV). With D 0 (LDA), we obtain r͑͞hv͒ 2 6.8 deg͓͞mm ͑eV͒ 2 ͔. In light of the usually moderate local-field corrections in other optical properties the effect here is remarkable. The correction is about a factor of 7. The remaining difference between theory and experiment can be attributed to the inaccuracy of TDLDA. The local fields make up the physics missing in the results of Zhong et al. This conclusion should hold at finite frequencies too, since local-field corrections generally show weak frequency dispersion [11, 17] .
The other independent component h 321 of a-quartz has also been measured [18, 19] 
For selenium, the theoretical and experimental values [5] [6] [7] for the rotatory power are shown in Fig. 2 . Here the local-field correction is negative and larger than the uncorrected response, so we predict a change of sign. The experiments do not give the sign for Se, but if we use the negative sign for the experiments our value at v 0 falls within the error bars of a zero-frequency extrapolation of the data of Adams and Haas [5] and Henrion and Eckart [7] . (The cause for the strong low-frequency dispersion in the data of Day [6] and the kink in the data by Adams and Haas are unknown [3] .) In the LDA ͑D 0͒, we obtain r͑͞hv͒ 2 2131 deg͓͞mm ͑eV͒ 2 ͔, compared to 255 deg͓͞mm ͑eV͒ 2 ͔ with D 1.1 eV. Therefore, due to the sensitivity to D, the close agreement with experiment
FIG. 2. Optical rotatory power ͓ r͑͞hv͒
2 ͔ for trigonal Se, with notation as in Fig. 1 . The experiments do not give the sign of r, but we use negative values for comparison with our calculation. The error bars for Henrion and Eckart [7] show the total variation due to sample thickness in both positive and negative crystals. Day [6] estimates an error of 65 deg͞mm, while Adams and Haas [5] mentions a variation of 630% at hv 1.09 eV.
is probably accidental. However, the calculation is good enough to determine the sign and the order of magnitude. An experimental verification of the sign would prove the importance of the local fields in Se.
The large local-field corrections can be understood by considering the order of magnitude of the relevant response functions. Generally, we can define linear response functions that connect the charge and current densities with the scalar and vector potentials:
As in Eqs. (2) and (3), A and dJ are macroscopic ͑G 0͒, while f and dn are microscopic ͑G fi 0͒. Therefore, a j superscript also indicates that G 0, while an n superscript indicates that G fi 0. The potential f is given by Eq. (3), which we write as f V dn. Eliminating f, the effective current-current response is
The relative local-field correction is then the ratio of the second and first term.
To estimate the size of the local-field correction, we shall use only the Coulomb part V G 4p͞jq 1 Gj 2 of the electron-electron interaction. The potential f is then equal to the electrical potential, and we can relate all the response functions to the susceptibility x, defined by P G P G 0 x GG 0 ? E G 0 , where P is the polarization density and E is the electric field. The definitions ͑G fi 0͒ dJ 0 ≠P 0 ͞≠t, dn G 2= = = ? P G , E 0 2≠A 0 ͞c≠t, and E G 2=f G , with = ! i͑q 1 G͒, yield the relations [20] x jj 00 ͑1͞c͒v 2 x 00 ,
There is one-to-one correspondence between a j superscript and a v factor and between an n superscript and a q 1 G multiplication. Below we abandon the explicit vector notation (i.e., x GG 0 ! x), disregard angular factors, and focus on orders of magnitude.
A comparison with Eq. (1) shows that if we take q 0 in Eq. (5) we obtain the local-field correction to the susceptibility´2 1. With q 0 in Eq. (6) we obtain the ratio between the local-field correction to the macroscopic response
which indicates that the local-field correction is negative and smaller than the macroscopic response. This conclusion is in reasonable agreement with the typical 210% correction for the dielectric constant. A similar result can be obtained for the second-harmonic coefficient.
For the rotatory power, we need the first-order terms in the q expansion of Eq. (5):
where the extra superscript represents the order in q.
The corresponding equation to zeroth order is given by the earlier Eq. (5) 
With the definitions´ϵ 1 1 4px ͓0͔ and qh ϵ 4px ͓1͔ [Eq. (1)], the first factor in Eq. (9) is
Note that the values without local-field corrections should be used for´and h. A first-order expansion in q of x jn in Eq. (6), gives the first term in brackets in Eq. (9):
where the average G is a typical reciprocal lattice vector in the Fourier expansion of the charge density. The length scale associated with the local fields is the size of the bonds in the material, so we can also write G 2p͞b, where b is a typical bond length. The product of Eqs. (10) and (11) yields a contribution to R of 1 1 ͑´2 1͒͞Gh. The two other terms in Eq. (9) are more complex due to the potential V, and we skip the details. All terms are either of order 1 or ͑´2 1͒͞Gh. In total, we obtain
The values for h 231 and´(ordinary) without local-field corrections are for a-quartz h 231 0.94 pm 0.018 a.u. and´ 2.4, and for Se h 231 28 pm 0.53 a.u. and 9.0 [3] . A bond length of one atomic unit yields b͑´2 1͒͞h 78 for a-quartz and b͑´2 1͒͞h 15 for Se. We infer from these values that R is of order 10 -100. A local-field correction of 10% for´then yields a correction to the rotatory power of a factor of 1-10 [21] .
This estimate agrees very well with the corrections of a factor of 7 and 4 for a-quartz and Se (Table I ).
In conclusion, we have shown both by calculations for a-quartz and selenium and by general estimates that the local-field correction to the optical rotatory power is very large compared to the typical correction in other optical properties. These calculations are the first in which local-field corrections have been calculated for a vector property of light. Since only scalar local fields are important [8] , TDLDA can be used also for vector properties of light. In a-quartz, the local fields increase the rotatory power by a factor 7, and in selenium the rotatory power changes sign due to a correction of a factor of 24. We have also shown that it is possible, by general estimates of the size of the different linear response functions, to obtain order of magnitude estimates of the size of local-field corrections.
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